Abstract
Introduction
The transportation sector is the largest consumer in fossil fuel worldwide. As cities move towards reducing their carbon footprint, electric vehicles (EV) offer the potential to reduce both petroleum imports and greenhouse gas emissions. The batteries of these vehicles however have a limited travel distance per charge. Moreover, the batteries require significantly more time to recharge compared to refueling a conventional gasoline vehicle. An increase in the size of the battery would proportionally increase the driving range. However, since the battery is the single most expensive unit in an EV, increasing its size would greatly increase the price discouraging widespread adaptation. Given the limitations of on-board energy storage, concepts such as battery swapping have been proposed as possible approaches to mitigate these limitations. In the case of battery swapping, the battery is exchanged at a location that stores the equivalent replacement battery. This concept, however, leads to issues such as battery ownership in addition to significant swapping infrastructure costs.
An alternative method to increase the battery range of the EV is to enable power exchange between the vehicle and the grid while the vehicle is in motion. This method is sometimes referred to as dynamic charging [42, 26] . Dynamic charging can significantly reduce the high initial cost of EV by allowing the battery size to be downsized which would be used to complement other concepts such as battery swapping to reduce driver range anxiety.
Our contribution Given the effectiveness and advances in dynamic charging technology, cities face the challenge of budgeting and deciding on what locations to install these wireless charging lanes (WCL). We define a road segment as the one-way portion of a road between two intersections. A city would contain thousands of road segments. Each road segment will possibly have a different length and driving conditions. The problem of deciding the optimal road segments to install wireless charging units in order maximize the range of the EV's driving within the city becomes a non-trivial one. In this paper, we formulate the WCL installation problem as an integer programming model that is build upon taking into account different realistic scenarios. We compare the computational results for the proposed model to faster heuristics and demonstrate that our approach provides significantly better results for fixed budget models. Using a standard optimization solver with parallelization, we provide solutions for networks of different sizes including the Manhattan road network.
Related Work
A wireless power transfer (WPT) is the transmission of electrical energy from a power source to an electrical load without the use of physical conductors. Wireless transmission is useful to power electrical devices where wires are inconvenient, hazardous, or inaccessible, which is the case for charging EV battery. Wireless charging can be divided into two types, namely, static, and dynamic. Static charging refers to fixed charging stations where vehicles have to pull out of the road and park to access the charging. The dynamic charging occurs while an EV is in transit. Strips of charging coils are placed on the road and EVs get charged as they go over the coils. Dynamic charging is an emerging technology that offers the advantages of reducing range anxiety and charging time [42] .
There have been previous studies related to optimal placement of wireless charging units in a simple circle topology road network. One prominent study focuses on optimal system design of the online electric vehicle (OLEV) that utilizes wireless charging technology [20] . In this study, a particle swarm optimization (PSO) method is used to find a minimum cost solution considering the battery size, total number of WCLs (power transmitters) and their optimal placement as decision variables. The model is calibrated to the actual OLEV system and the algorithm generates reliable solutions. However, the formulation contains a non-linear objective function making it computationally challenging for multi-route networks. Moreover, speed variation is not considered in this model, which is typical in a normal traffic environment. The OLEV and its wireless charging units were developed in Korea Advanced Institute of Science and Technology (KAIST) [16] . At Expo 2012, an OLEV bus system was demonstrated, which was able to transfer 100KW (5 × 20KW pick-up coils) through 20 cm air gap with an average efficiency of 75%. The battery package was successfully reduced to 1/5 of its size due to this implementation [15] .
Recently, the authors in [4] formulate the installation of charging lanes in road network topologies with an objective to minimize the total system travel times which they define as the total social cost. In their work, the impact of charging infrastructure into the drivers travel choices is considered and a mathematical program with complementarity constraints is developed. The model is applied on two networks, namely, one with 19 and the other with 76 road segments. However, the mathematical models with complementarity constraints are often difficult to solve [28] especially for large problems. Therefore, the issue of scalability of the approach arises. While the proposed approach is certainly promising, the objective function that minimizes the total social cost could potentially benefit by taking into account the objective functions like the one we provide to consider, for example, public transportation vehicles that have fixed routes.
Optimization of electric vehicle charging stations (EVCS) placement in transportation networks have been investigated in depth for many studies. A review of the numerous optimization techniques employed in the last decade to determine the optimal EVCS placement and sizing is presented by [14] . Some of the most popular methods are genetic algorithms [29] , integer (linear) programming [13] , particle swarm optimization [36] , ant colony optimization [34] , greedy algorithms [22] . The problem of EVCS placement is formulated and four solution methods are evaluated by [22] . While the iterative and effective mixed integer programming methods yield the most accurate solution, the greedy algorithm provides faster solution at a reasonable accuracy. A location optimization algorithm based on a modified genetic algorithm is presented and evaluated for a practical scenario by [30] . Another method named OCEAN and its faster version OCEAN-C have been presented by [45] as better alternatives to baseline methods for EVCS placement. A mobile data driven genetic algorithm based solution is presented for EVCS placement by [40] . An EVCS placement problem is studied by [44] for an urban public bus system and they found backtracking algorithm and greedy algorithm schemes to be better than the others.
A number of studies have focused on the methods of the real world application of dynamic charging and its overall impact on the transportation network. A new scheme for charging of EVs based on wireless charging is presented by [31] . Integration of control strategy at traffic intersections is discussed to maximize charging while minimizing waiting delays. All strategies, in this study, show benefit over no charging scenario. The vehicle to vehicle (V2V) and vehicle to infrastructure (V2I) communications are effective ways to implement the wireless charging solution in a mixed traffic environment. An efficient WPT system using V2I communication for efficient distribution of power among EVs is presented by [37] . Simulation results indicate that the fog based Balanced State of Charge (BSoC) system has less communication latency, more BSoC of EVs, and less packet drop rate than the conventional system. Simulation of a traffic network of EVs equipped with connected vehicle technology reveals significant benefits over conventional systems (without connectivity) [17] . An ant colony optimization based multi-objective routing algorithm is presented by [27] . The V2V and V2I communications are used for finding the best route, and for intelligently recharging on the move. This study reveals that connected EVs could reduce not only the total travel time and the energy consumption, but also the recharged volume of electricity and corresponding cost.
A few studies focus on the financial aspect of the implementation of a dynamic charging system. A smart charge scheduling model is presented by [26] maximizes the net profit to each EV participant while simultaneously satisfying energy demands for individual's trips. A thorough analysis of the costs associated with the implementation of a dynamic WPT infrastructure and a business model for the development of a new EV infrastructure are presented by [7] .
There have been many studies on the design, application and future prospects of wireless power transfer for electric vehicles [35, 1, 25] . Some energy companies are teaming up with automobile companies to incorporate wireless charging capabilities in EVs. Examples of such partnerships include Tesla-Plugless and Mercedez-Qualcomm. The universities, research laboratories and companies have invested in research work for developing efficient wireless charging systems for electric vehicles and testing them in a dynamic charging scheme. Notable institutions include Auckland University 3 [5] , HaloIPT (Qualcomm) [23] , Oak Ridge National laboratory (ORNL) [19] , MIT (WiTricity) and Delphi [18] . However, there is still a long way to go for a full commercial implementation, since it requires to make significant changes to the current transportation infrastructure.
State of Charge of an EV
State of charge (SOC) is the equivalent of a fuel gauge for the battery pack in a battery electric vehicle (BEV) and hybrid electric vehicle (HEV). In the optimization model, the objective is to have a simple function that calculates the change of SOC for a road segment with and without wireless charging units installed. The SOC determination is a complex non-linear problem and there are various techniques to address it [3, 43, 21] . As discussed in the literature, the SOC of an EV battery can be determined in real time using different methods, such as terminal voltage method, impedence method, coulomb counting method, neural network, support vector machines, and Kalman fitering. The input to the models are physical battery parameters, such as terminal voltage, impedence, and discharging current. However, the SOC related input to our optimization model is the change in SOC of the EV battery to traverse a road segment rather than the absolute value of the real time SOC of the EV battery. So, we formulate a function that approximates the change in SOC of an EV to traverse a road segment using several assumptions, as mentioned in the following. The units of SOC are assumed to be percentage points (0% = empty; 100% = full). The change in SOC is assumed to be proportional to the change in battery energy. This is a valid assumption for very small road segments that form a large real road network, which is the case in this analysis (range of 0.1 to 0.5 mile).
We compute the change in SOC of an EV as a function of the time t spent traversing a road segment by
where E start and E end is the energy of the battery (KWh) before and after traversing the road segment respectively and E cap is the battery energy capacity. Following computation of the battery energy given in [37] , we, however, assume that the velocity of an EV is constant while traversing the road segment. This gives us
where P 1t is the power consumption (KW) while it traverses the road segment, and P 2t is the power delivered to the EV in case a WCL is installed on the road segment, otherwise P 2t is zero. In order to take into account the inefficiency of charging due to factors such as misalignment between the primary (WCL) and secondary (on EV) charging coils and air gap, an inefficiency constant η is assumed. The power consumption P 1t varies from EV to EV. In this work, we take an average power consumption calculated by taking the average mpge (miles per gallon equivalent) and battery energy capacity rating from a selected number of EV. We took the average of over 50 EVs manufactured in 2015 or later. For each EV, its fuel economy data was obtained from [39] . For P 2t and η, the power rating of the WCL, and the efficiency factor, we average the values from [1] , Table 2 , where the authors make a comparison of prototype dynamic wireless charging units for electric vehicles.
Optimization Model Development
The purpose of developing a mathematical model of the WCL installation problem is to construct an optimization problem that maximizes the battery range per charge within a given budget and road network. This, in turn, will minimize the driver range anxiety within the road network. In this section, we first define the road segment graph model with notation, then we discuss the modeling assumptions.
Road Segment Graph
Consider a physical network of roads within a given location. We define a road segment as the one-way portion of a road between two intersections. Let G = (V, E) be a directed graph with node set V such that v ∈ V if and only if v is a road segment. Two road segments u and v are connected with a directed edge (u, v) if and only if the end point of road segment u is adjacent to the start point of road segment v. We refer to G as the road segment graph. For a given road segment graph and budget constraint, our goal is to find a set of nodes that would minimize driver range anxiety within the network.
Modeling Assumptions
For a road segment graph G, we assume that each node has attributes such as average speed and distance that are used to compute the average traversal time of the road segment. Note that since nodes represent road segments, an edge represents part of an intersection, thus, the weight of an edge does not have a typical general purpose weighting scheme associated to it (such as a length). For a given pair of nodes s and t, where s represents the origin and t the destination of a user within the road network, respectively, we assume that the user will take the fastest route from s to t. As a result, we assign the weight of each edge (u, v) in the road segment graph with a value equal to the average traversal time of road segment u. Then we can find a shortest path with road segment graph that represents the fastest route from the start point of road segment s to the end point of t.
We assume that SOC of any EV whose journey starts at the beginning of a given road segment is fixed. For example, we may assume that if a journey starts at a residential area, then any EV at this starting location will be fully charged or follows a charge determined by a given probability distribution which would not significantly change the construction of our model. For example, in real applications, one could choose the average SOC of EV's that start at that given location. In our empirical studies, for simplicity, we first assume that all EVs start fully charged. We later give results for studies where we take the initial SOC to be chosen uniformly at random. We also assume that SOC takes on real values such that 0 ≤ SOC ≤ 1 at any instance where SOC = 1 implies that the battery is fully charged and SOC = 0 implies that the battery is empty.
For any two road segments s and t in G, we assume that there is a unique shortest path between them. Since we are using traversal time as a weighting scheme of the road segment graph, this is a reasonable assumption. If there exists two road segments such that this assumption is not realistic, then one can treat these paths using distinct routes and include them in the model since we will define a model based on distinct routes.
We call a route infeasible within a network if any EV that starts its journey at the beginning of this route (starts fully charged in our empirical studies), will end with a final SOC ≤ α, where 0 ≤ α ≤ 1. The constant α is a global parameter of our model called a global SOC threshold.
Introducing different types of EV and more than one type of α would not significantly change the construction of the model.
Given the total length of all road segments in the network, T , we define the budget, 0 ≤ β ≤ 1, as a part of T for which funds available for WCL installation exist. For example, if β = 0.5, the city planners have enough funds to install WCL's across half the road network. We use our model and its variations to answer the following problems that the city planners are interested in.
1. For a given α, determine the minimum budget, β, together with the corresponding locations, needed such that the number of infeasible routes is zero.
2. For a given α and β, determine the optimal installation locations to minimize the number of infeasible routes.
We assume that minimizing the number of infeasible routes would reduce the driver range anxiety within the network.
Single Route Model Formulation
Let Routes be the set of all possible fastest routes between each pair of nodes i, j ∈ V . In our model, we assume that the fastest route between a pair of nodes is represented by a unique route. For each route r ∈ Routes, assume hat each EV whose journey is identical to this route has a fixed initial SOC, and a variable final SOC, termed iSOC r , and f SOC r , respectively, depending on whether or not WCL's were installed on any of the road segments along the route. The goal of the optimization model is to guarantee that either f SOC r ≥ α where α is a global threshold or f SOC r is as close as possible to α for a given budget. The complete optimization model takes all routes into account. Given that realistic road segment graphs have a large number of nodes, taking all routes into account may overwhelm the computational resources, thus, the model is designed to give the best solution for any number of routes considered. We describe the model by first defining it for a single route and then generalizing it to multiple routes. For simplicity, we will assume that the initial SOC, iSOC r = 1, for each route r, i.e., all EV's start their journey fully charged. This assumption can easily be adjusted with no significant changes to the model. Since we assume that SOC takes discrete values, we define a unit of increase or decrease of SOC as the next or previous discrete SOC value respectively. For simplicity, we will also assume a simple SOC function in this section. We will assume that SOC of an EV traversing a given road segment increases by one unit if a WCL is installed, otherwise it decreases by one unit. A more realistic SOC function can be incorporated into the following model without any major adjustments, as presented in the following.
For a single route r ∈ Routes, with iSOC r = 1, consider the problem of determining the optimal road segments to install WCL's in order to maximize f SOC r within a limited budget constraint. Define a SOC-state graph, socG r , for route r, as an acyclic directed graph whose vertices describe the varying SOC an EV on a road segment would have depending on whether or not the previously visited road segment had a WCL installed. More precisely, let r = (u 1 , u 2 , . . . , u k ), for u i ∈ V with i = 1, . . . , k and k > 0. Let nLayers ∈ N represent the number of discrete values that the SOC can take. For each u i ∈ r, let u i,j be node in socG r for j = 1, . . . , nLayers representing the nLayers discrete values that the SOC can take at road segment u i . Let each node u i,j have out-degree at most 2, representing the two different scenarios of whether or not a WCL is installed at road segment u i . The edge (u i,j 1 , u i+1,j 2 ) has weight 1 represents the scenario if a WCL is installed at u i and has weight 0 if a WCL is not installed. An extra nodes are added accordingly to capture the output from the final road segment u k , we can think of this as adding an artificial road segment u k+1 . Two dummy nodes, s and t, are also added to the graph socG r to represent the initial and final SOC respectively. There is one edge of weight 0 between s and u 1,j * where u 1,j * represents the initial SOC of an EV on this route. Each node u k,j for each j is connected to node t with weight 0. Consider a path p from s to t, namely, p = (s, u 1,j 1 , u 2,j 2 , . . . , u k,j k , t), then each node in p represents the SOC of an EV along the route. We use this as the basis of our model. Any feasible s − t path will correspond to an arrival at a destination with an SOC above a given threshold. A minimum cost path in this network would represent the minimal number of WCL installations in order to arrive at the destination. Let socG r = (V , E ) with weighted edges w ij , then the minimum cost path can be formulated as follows:
where 
In other words, install a WCL if at least one route requires it. Under these constraints for a single route, an optimal solution to the minimum cost path from s to t would be a solution for the minimum number of WCL's that need to be installed, in order for EV to arrive at the destination with its final SOC greater than a specified threshold.
General Model Description and Notations
In this section, we describe the model when multiple routes are taken into consideration. Similar to the model for a single route, we define a different graph G r = (V, E r ) for each route, r, together with one global constraint. Note that each graph G r is defined over the same node set V however, the edge set E r is dependent on the route. Consider all fastest routes in the network. Construct a SOC-state graph for each of these routes. We can think of this network as nRoutes distinct graphs interconnected by at least one constraint.
Decision Variables:
We first describe the different notation necessary for describing the model. 
Then,
models the installation decision.
Objective function:
For the problem of minimizing the budget, the objective function is simply given by
where c s is the cost of installing a WCL at road segment s. For the problem of minimizing the number of infeasible routes for any fixed budget, we modify the SOC graph such that there exists an s − t path for any budget. We accomplish this by adding an edge of weight 0 between the nodes u i,nLayers to t for all i = 1, . . . , k + 1, in each route, where k is the number of road segments in the route. We then define the boundary nodes of the SOC graph to be all the nodes that are adjacent to node t. Let B be the set of all boundary nodes and B r be the boundary nodes with respect to route r. Assign each node in u i,j ∈ B r weights according to the function:
where s(u i,j ) represents the discretized SOC value that node u i,j represents and |r| is the number of road segments in route r. In the weighting scheme above, we make no distinctions between two infeasible routes. However, a route in which an EV completes, say, 90% of the trip would be preferable to one in which an EV completes, say, 10% of the trip. One can easily take this preference into account and weight the boundary nodes by the function
where the term i−|r| |r| measures how close an EV comes to completing a given route, i.e, if i−|r| |r| = −1, then the EVs SOC falls below α after traversing the first road segment.
For simplicity, we relabel the nodes in the SOC graph in a canonical way indexed by the set N. For a node i in the SOC graph, let w(r, i, i) represent the weight of i. Then the objective is maximize charge of each route, which is given by nRoutes r=1 (u,t)∈Br
Budget Constraint:
Cost of installation cannot exceed a budget B. Since this technology is not yet widely commercialized, we can discuss only the estimates of the budget for WCL installation. Currently, the price of installation per kilometer ranges between a quarter million to several millions dollars [7] . For simplicity, in our model the cost of installation at a road segment is assumed to be proportional to the length of the road segment which is likely to be a real case. Thus, a budget would represent a fraction of the total length of all road segments.
Route Constraints:
The constraints defining an s-t path
Model
The complete model formulation for minimizing the number of infeasible routes, for a fixed budget is given by: and M, a large constant and 0 < < 1 are used to model the logic constraints given in equation (3). Since we are interested in reducing the number of routes with a final SOC less than α, we can take the set of routes in the above model to be the all the routes that have a final SOC below the given threshold. We evaluate this computationally and compare it with several fast heuristics.
Heuristics
Integer programming is NP-hard in general and since the status of the above optimization model is unknown, we have little evidence to suggest that it can be solved efficiently. For large road networks, it may be desirable to use heuristics instead of forming the above integer program. In particular, since we know the structure of the network, one natural approach may be to apply concepts from network science to capture the features of the best candidates for a WCL installation. In this section, we outline different heuristics for deciding on the a set of road segments. We then compare these structural based solutions to the optimization model solution, and demonstrate the superiority of proposed model. Different centrality indexes is one of the most studied concepts in network science [32] . Among them, the most suitable to our application are betweenness and vertex closeness centralities. In [6] , a node closeness centrality is defined as the sum of the distances to all other nodes where the distance from one node to another is defined as the shortest path (fastest route) from one to another. Similar to interpretations from [2] , one can interpret closeness as an index of the expected time until the arrival of something "flowing" within the network. Nodes with a low closeness index will have short distances from others, and will tend to receive flows sooner. In the context of traffic flowing within a network, one can think of the nodes with low closeness scores as being well-positioned or most used, thus ideal candidates to install WCL.
The betweenness centrality [6] of a node k is defined as the fraction of times that a node i, needs a node k in order to reach a node j via the shortest path. Specifically, if g ij is the number of shortest paths from i to j, and g ikj is the number of i-j shortest paths that use k, then the betweenness centrality of node k is given by
which essentially counts the number of shortest paths that path through a node k since we assume that g ij = 1 in our road network because edges are weighted according to time. For a given road segment in the road segment graph, the betweenness would basically be the road segments share of all shortest-paths that utilize that the given road segment. Intuitively, if we are given a road network containing two cities separated by a bridge, the bridge will likely have high betweenness centrality. It also seems like a good installation location because of the importance it plays in the network. Thus, for a small budget, we can expect the solution based on the betweenness centrality to give to be reasonable in such scenarios. There is however an obvious downfall to this heuristic, consider a road network where the betweenness centrality of all the nodes are identical. For example, take a the cycle on n nodes. Then using this heuristic would be equivalent to choosing installation locations at random. A cycle on n vertices can represent a route taken by a bus, thus, a very practical example. Figure 2 shows an optimal solution from our model to minimize the number of infeasible routes with a budget of at most four units. The eigenvector centrality [33] of a network is also considered. As an extension of the degree centrality, a centrality measure based on the degree of the node, the concept behind the eigenvector centrality is that the importance of a node is increased if it connected to other important nodes. In terms of a road segment graph, this would translate into the importance of a road segment increasing if its adjacent road segments are themselves important. For example, if a road segment is adjacent to a bridge. One drawback of using this centrality measure is that degree of nodes in road segment graphs is typically small across the graph. However, it stll helps to find regions of potentially heavy traffic.
Data collection and post-processing
The geospatial data is collected from OpenStreetMap (OSM). It is a free collaborative project to generate editable maps of any location on earth [9] . A region of interest can be selected on OpenStreetMap user interface, and all available data can be generated for the selected region. OpenStreetMap offers different formats for the user. In this case, the selected format is XML format. Also, there is a website named planet.osm that already contains captured OSM XML files for different cities in different parts of the world. The contents of an OSM XML file are described in Table 1 .
A script is developed to process the raw XML data and extract meaningful information. First, the road network is filtered using the tag 'highway' that specifies the characteristics of a road. The 'highway' tag must also contain sub-tags such as 'motorway', 'trunk', 'primary', 'secondary', 'tertiary', 'road', 'residential', 'living_street' etc. This eliminates the unnecessary parts of the network, as the model only deals with the road network. Then, the filtered road network is segmented into small road segments having two end points (points with specific latitude and longitude). In the segmented graph, each node represents a road, and connectivity between nodes represent connection of roads. Two nodes in a graph are connected if they share a point with the same latitude and longitude. Then, the adjacency matrix of the segmented graph is extracted representing the network's connectivity (i.e. if two road segments have one point in common, they are connected). This is a sparse matrix with 1 as its only non-zero entry.
Finally, the length of each road segment is calculated using the haversine formula. The haversine formula gives great-circle distances between two points on a sphere from their longitudes and latitudes. It is a special case of a more general formula in spherical trigonometry, the law of haversines, relating the sides and angles of spherical triangles. For any two points on a sphere, the distance (d) between the points is calculated using the following equations [41] .
where, φ 1 , φ 2 are latitudes, ∆φ is a difference of latitudes, λ 1 and λ 2 are longitudes, ∆λ is a difference of longitudes, and R is the Earth's radius (mean radius = 3959 miles).
Results and Discussion
In this section, we discuss the results of the proposed model used to solve the WCL installation problem. We use Pyomo, a collection of Python packages by [11, 10] to model the integer program. As a solver, we used CPLEX 12.7 [12] with all our results attained with an optimality gap of at most 10%. Designing a fast customized solver is not the central goal of this paper. However, it is clear that introducing customized parallelization and using advanced solvers will make the proposed model solvable for the size of a large city in urban area.
The measurement of WCL installation effectiveness on a particular road segment depends on the SOC function used. However, the SOC function varies from EV to EV and is dependent on such factors as vehicle and battery type and size together with the effectiveness of the charging technology used. However, the purpose of this paper is to propose a model that is able to accommodate any SOC function.
Small networks
In order to demonstrate the effectiveness of our model, we begin with presenting the results on two small toy graphs in which all road segments are identical. We incorporate a simple toy SOC function, one in which the SOC increases and decreases by one unit if a wireless charging lane is installed or not installed, respectively. For the first toy graph (see Figure 3(a) ), we are interested in determining the minimum budget such that all routes are feasible. For this we assume that a fully charged battery has four different levels of charge 0, 1,2, and 3, where a fully charged battery contains three units. This would imply that the SOC-layered graph would contain four layers. The parameter α is fixed to be 0. For the second toy graph (see Figure 3(b) ), we are interested in minimizing the number of infeasible routes with a varying budget. For this example, we take the number of layers for the SOC-layered graph to be five while also taking α = 0.
(a) (b) Figure 3 : Directed toy graphs of 26 and 110 vertices used for problems 1 and 2, respectively. The bold end points on the edges of (a) represent edge directions. The graphs are subgraphs of the California road network taken from the dataset SNAP in [24] In experiments with the first graph, we take all routes into consideration and compute an optimal solution which is compared with the betweenness and eigenvector centralities. We rank the nodes based on their centrality indexes, and take the smallest number of top k central nodes that ensure that all routes are feasible. The installation locations for each method are shown in Figure 4 of which the solution to our model uses the smallest budget. We observe a significant difference in the required budget to ensure feasibility of the routes (see values B in the figure).
For the second graph, we vary the available budget β. The results are shown in Figure 5 . The plots also indicate how the optimal solution affects the final SOC of all other routes. The solutions to our model were based on 100 routes, with length at least 2, that were sampled uniformly without repetitions. We observe that our solution gives a very small number of infeasible routes for all budgets. We notice that for a smaller budget, taking a solution based on betweenness centrality gives a similar but slightly better solution than that produced by our model. However, this insignificant difference is eliminated as we increase the number of routes considered in our model. Note that if our budget was limited to one WCL, then the node chosen using the betweenness centrality would likely be a good solution because this would be the node that has the highest number of shortest paths traversed through it compared to other nodes. As we increase the budget, the quality of our solution is considerably better than the other techniques. For budgets close to 50% in Figure 5 (d) and (e), our model gives a solution with approximately 90% less infeasible routes compared to that of the betweenness centrality heuristic. This is in spite of only considering about 1% of all routes as compared to betweenness centrality that takes all routes into account.
Experiments with Manhattan network
In the above example, the input to our model is a road segment graph with identical nodes, and a simple SOC function. We next test our model with real data and the SOC function defined in Section 1.1. We extract data of lower Manhattan using Openstreet maps. The data is preprocessed by dividing each road into road segments. Each road in Openstreet maps is categorized into one of eight categories presented in Table 2 , together with the corresponding speed limit for a rural or urban setting. For this work, we consider roads from categories 1 to 5 as potential candidates for installing wireless charging lanes due to their massive exploitation. Thus, we remove any intersections that branch off to road categories 6 to 8. The resulting road segment network contains 5792 nodes for lower Manhattan. We also study a neighborhood of lower Manhattan that forms a graph of 914 nodes. The graphs are shown in Figure 6 . Similar to experiments on the second toy example, we carry out experiments on the Manhattan network using 200 routes. We sample routes that have a final SOC less than the threshold α uniformly at random without repetitions. . Due to relatively small driving radius within the Manhattan neighborhood graph shown in Figure 6 (b), we increase the length of each road segment by a constant factor in order to have a wider range of a final SOC within each route. We take α = 0.8 and 0.85 with a corresponding budget of β = 0.1 and 0.2 respectively for the Manhattan neighborhood graph while α = 0.7 and β = 0.1 for the lower Manhattan graph. We compare our results with the heuristic of choosing installation locations based on their betweenness centrality. In our experiments, the betweenness centrality produces significantly better results than other heuristics, so it is used as our main comparison.
For a threshold α = 0.8 in the Manhattan neighborhood graph, there are 42,001 infeasible routes with no WCL installation. With a budget β = 0.1, our model was able to reduce this number to 4,957. Using the heuristic based on betweenness centrality, the solution found contained 21,562 infeasible routes. For a budget of β = 0.2 with threshold α = 0.85, there were 170,393 infeasible routes without a WCL installation, 57,564 using the betweenness centrality heuristic and only 14,993 using our model. Histograms that demonstrate the distributions of SOC are shown in Figure 7 . The green bars represent a SOC distribution without any WCL installation. The red and blue bars represent SOC distributions after WCL installations based on the betweenness centrality heuristic and our proposed model, respectively.
In Figure 8 , we demonstrate the results for the lower Manhattan graph, with α = 0.7 and β = 0.1. Due to the large number of routes, we sample about 16 million routes. From this sample, our model gives a solution with 10% more infeasible routes compared to the heuristic based on betweenness centrality. Note that in this graph, there are about 13 million infeasible routes. From these routes, we randomly chose less than 1000 routes for our model without any sophisticated technique for choosing these routes, while the heuristic based on betweenness centrality takes all routes into account. The plot in Figure 8 , shows the number of routes whose final SOC falls below a given SOC value. Similar to Figure 5 (a) , the results demonstrate that for a relatively small budget, our model gives a similar result compared to the betweenness centrality heuristic.
Experiments with Random Initial SOC
In the preceding experiments, EVs were assumed to start their journey fully charged. However, the assumption in our model was that the initial SOC be any fixed value. Thus, as an alternative scenario, one can take the initial SOC to follow a given distribution selected either by past empirical data or known geographic information about a specific area. For example, one could assume higher values in residential areas compared to non-residential areas. In this work, we carried out experiments where the initial SOC was chosen uniformly at random in the interval (a, 1). The left endpoint of the interval was chosen such that the final SOC associated to any route would be positive. In order to give preference to longer routes, we define Ω k as the set of all routes with distance greater than µ + kσ, where µ is the average distance of a route with standard deviation σ, for some real number k. We then study the average of the final SOC of all routes in Ω k which we denote asx k .
In the Manhattan neighborhood graph, Figure 6 (b), we chose 1200 routes as an input to the model. These routes were chosen uniformly at random from Ω k . In our solution analysis, we took a = 0.4 and computedx k . Without any installation, we hadx k ≈ 0.39 for k ≥ 2 while 0.5 ≤x k ≤ 0.51 based the betweenness heuristic with a installation budget of 20%. However, our model gives us 0.58 ≤x k ≤ 0.71 given the same 20% installation budget. The value ofx k in this case significantly increases for an increase in k or in the number of routes sampled from Ω k .
Conclusion and Future Work
In this work, we have presented an integer programming formulation for modeling the WCL installation problem. With a modification to the WCL installation optimization model, we present a formulation that can be used to answer two types of questions. First, determining a minimum budget to reduce the number of infeasible routes to zero, thus, assuring EV drivers of arrival at their destinations with a battery charge above a certain threshold. Second, for a fixed budget, minimizing the number of infeasible routes and thus reducing drivers' range anxiety. Our experiments have shown that our model gives a high quality solution that typically improves various centrality based heuristics. The best reasonable candidate (among many heuristics we tested) that sometimes not significantly outperforms our model is the betweenness centrality. In our model, the routes were chosen randomly based on whether their final SOC is below α or not. We notice that a smarter way of choosing the routes leads to a better solution, for example choosing the longest routes generally provided better solutions. In future research, a careful study on the choice of routes to include in the model will give more insight into the problem. For a more comprehensive study of this model and its desired modifications, we suggest to evaluate their performance using a large number of artificially generated networks using [8, 38] . • Contains the version of the API (features used)
• Contains the generator that distilled this file (the editor tool)
Node
• Set of single points in space defined by unique latitude, longitude and node id according to the World Geodetic System (WGS84)
• WGS84 is the reference coordinate system (for latitude, longitude) used by GPS (Global Positioning System)
• Data contains tags of each node
Way
• An ordered list of nodes which normally also has at least one tag or is included within a relation
• A way can have between 2 and 2,000 nodes, unless there is some error in data
• A way can be open or closed, a closed way is one whose last node is also the first
• Data contains the references to its nodes and tags of each way
Relation
• One or more tags and an ordered list of one or more nodes, ways and/or relations as members which is used to define logical or geographic relationships between other elements
• Data contains the references to its members for each relation and tags of each relation. The plots go further and show how a specific solution affects the SOC of all routes. As the budget approaches 50%, we demonstrate that our model gives a significant reduction to the number of infeasible routes while also improving the SOC in general of the feasible routes 19 In (a) with a budget of 10%, our model gives a solution with at least 50% less infeasible routes compared to the betweenness heuristic. In (b), we demonstrate how the effects of a 20% budget on the SOC distribution within the network. In (c), our model gives a solution with at least 25% less infeasible routes. 
